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Abstract

Decoherence of two atoms initially prepared in Bell states in free space is
discussed theoretically through calculation of the probabilities for the atoms
to remain respectively in these states. It is found that, due to quantum
interference, the atoms never follow a purely exponential law to decohere
from their initial states, even though spontaneous emission is illustrated to
cause the decoherence.

PACS numbers: 03.65.Yz, 03.65.Ud, 03.65.Ta

1. Introduction

Any open quantum system inevitably interacts with its environment and changes the coherence
existing among its constituents as a result. Such an effect is referred to as decoherence.
Decoherence of various quantum systems is being studied largely for the reason that this
process not only sheds light on the fundamental problem of where the possible boundary
between the quantum world and the classical world lies [1], but also is important for the
research in the theory of quantum information. The quantum information theory is well known
to rely on correlations (entanglement) among qubits to achieve information processing that is
otherwise impossible in the classical world [2]. But it is also well known that decoherence can
reduce a system’s entanglement and hence its efficiency of quantum information processing. In
order to discover practical methods to suppress this unwanted decoherence, so that information
can be processed without interruption, a thorough understanding of how decoherence takes
place is evidently needed.

Presented in this work is a study of decoherence of two entangled atoms [3] that are
stationary [4] in vacuum and interact indirectly with each other through vacuum fields. More
specifically, the decoherence process is formulated via computing the probabilities for the
atoms to remain in their initially entangled states. Compared with one commonly used
method that depends first on a (nontrivial) master equation to determine the density operator
of a system and then on the density operator to measure the entanglement of the system [5-7],
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the present approach is not only simple in mathematics but also, more importantly, able to
provide more direct information (not available in the preceding method) on how the system
decoheres from its initially entangled states to other different entangled states. This latter
point will become clear in the following discussion. Note also that, in contrast to other cases
where two entangled atoms are placed in either a single cavity [8] or two isolated ones [5],
more electromagnetic modes have to be considered in the present problem. Two-atom systems
are frequently studied in the literature (not merely limited in the field of quantum information,
of course) for the reason that they often allow exact solutions and can shed insight on more
complicated systems.

For simplicity, the two atoms, A and B, are assumed to be identical and to have two states
|E) and |G) whose energies are respectively hog and hwg (w9 = wg — wg). The location
of atom A is chosen to be the origin of the Cartesian coordinate system used in the present
study, and the location of atom B relative to the origin is chosen to be R = RZ without loss of
generality. Under these conditions, the interaction between the atoms and the vacuum can be
represented by the following Hamiltonians in the minimal-coupling form [9]:

Va= ,l_;;/ . Z (BAaJ + Eras)
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where Bs = iV 27tha)(2) / (L3w;)é; is the amplituge (containing a polarization unit vector €)
of the sth quantized electromagnetic mode w; (|k;| = w,/c) in the vacuum, and /i (assumed
to be in the X — 2 plane) is the electric dipole moment operator of the atoms'. Those parts of
the Hamiltonians in the preceding equations that contain field creation operators al are denoted
as Vl , and those that contain field annihilation operators a; are denoted as Vi_1 , Where
i = A, B. The symbol jis g, whose complex conjugate is jigg, is used to represent the matrix
element of ji between |G) and | E). Note counter-rotating terms are excluded in the interaction
Hamiltonians, because virtual transitions supported by these terms are found to play merely a
weak role in atomic evolution [11]. The total Hamiltonian of the present system that includes
the two atoms and the vacuum is constructed as follows:

H=Hy+V+V +vi+v;" 3)
As usual, the unperturbed Hamiltonian Hj reads

Hy =hop|EY(E|+hwg|G)(G| + hwg|E)(E| +hog|G){(G| + Zha)xajax. “)

s

atom A atom B

' As in the reference cited in [10], the dipole moment operators of the atoms are assumed to be along the same
direction for simplicity.
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The zero-point energy of the vacuum is ignored in H, since this energy is constant and
contributes little to the evolution of the system. Also ignored in H is the dipole—dipole
interaction potential between the atoms; as a result, the separation R between the two atoms is
required to satisfy the restriction Rwg/c > 1 [12].

In the Schrodinger picture, the state of the system |y (¢)) at time ¢ can be found from the
system’s initial state | (0)) with the help of the following integral [13]:

e—izt/h

1 oo
V(@) = —ﬁﬁwdzz — VO, S

where it is understood the denominator of the integrand contains an imaginary component
in (n — 0%). This integral relation enables the decoherence process to be formulated in the
present paper through tracing those atomic transitions that eventually reveal the time evolution
of the initially entangled states, from which the probabilities for the system to be in these
states are obtained. Since Bell states might be the best known and maximally entangled states
[14] that exist between two identical atoms, the present paper is devoted to a specific case, in
which the atoms are assumed to be initially in the (four) Bell states coupled to the vacuum
states:

Y1) = 55(E) ®1G) +1G) ® |E)) ® |0), (6)
¥2) = 5(E) ®G) — |G) ® |E)) ® |0), (7)
¥3) = 5(E) ® |E) +|G) ® |G)) ® |0), ®)
¥4) = 5(E) ® |E) — |G) ® |G)) ® |0). ©)

Throughout the paper, in each tensor product of states, the left state is understood to represent
the state of atom A, the middle state the state of atom B, and the right state the state of the
field. Experimentally, Bell states have been constructed with two ions confined in a linear
Paul trap and studied for their dynamic properties [15].

The remainder of the paper is organized as follows. The decoherence of the system from
states |11) and |y;) and from |yr3) and |v4) is studied in sections 2 and 3, respectively. In
section 4, the results are summarized.

2. Decoherence from |v1) and |v,)

Since states |1;) and |y,) are all composed of two common components |E) ® |G) ® |0) and
|G) ® |E) ® |0) (see equations (6) and (7)), decoherence properties of the system from these
states can be determined via studying how these two components individually develop with
time.

To formulate the time development of [/ (0)) = |E) ® |G) ® |0), which corresponds to an
initial condition that atom A is in the excited state, atom B in the ground state, and no photons
present, it is convenient to follow the procedure used in [11] to expand the Green function
1/(z — H) in equation (5) into ascending powers of Vj,

1
z—H
where it is defined that

= wo + woVewo + wyVgwoVewy + - - -, (10)
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Consider operator wy first. Obviously this operator only addresses the interaction of atom
A with the vacuum and cannot modify the state of atom B. Since the first term in the serial
expansion of wy in equation (11) contains no interaction Hamiltonian V},, it, when operated
on | (0)), merely represents one possibility that throughout the whole process atom A does
not leave the excited state:

E)®|G)®|0) =
—RlBelGen=—F

where Ey = h(wg + wg). In the second term, one V,4 operator is included. Under the action
of this operator, atom A can now transit from the excited state to the ground state and emit
one photon:

1 | 1 AlG) ® |G) ® 1)
\% EY®|G)®|0) =
VTP eloen Z_EOZ —

|E) ® |G) ® |0), (12)

) (13)

R

where E; = 2hwg +hoy, Ay = JiGE - Bs, and the emitted photon can be in any mode |1;).
Note, in the third term, there are two V4 operators. For the structure of V4 and the present
initial condition, the only possible event that can be brought about by this term is that the
right V4 first causes atom A to transit to the ground state and to emit one photon, and the left
V4 then immediately annihilates the photon just released and forces the atom to return to its
excited state. Such an event is actually a radiation reaction process: the atom interacts with
the photons it creates. Therefore, one has

1 1

E,4
Vv, V EY®R|G)®|0) = ———I|E) ® |G) ® |0). 14
T H AT H, AZ—H0| ) ®1G) ®10) (Z_E0)2| ) ®1G) ®10) (14
; ; — 1A 2
In the preceding equation, E4 = > 4.

For the remaining terms on the righf—hand side (RHS) of equation (11), it is recognized,
following preceding arguments, that while those terms containing even (including 0) orders
of V4 are only responsible for atom A to undertake repeated radiation reactions and stay in
the excited state, those containing odd orders of V4 enable the atom first to perform repeated
radiation reactions and then to transit to the ground state, accompanied by emitted photons.
The action of wq on | (0)) thus leaves the system in either its initial state or another state in
which both the atoms are in state |G) and one photon is created:

|E) ® |G) ® |0) N 1 Z AslG) ® |G) ® |1y)
z—Ey—E4 z—Ey—Ey4 77— E; .

wolE) ® |G) ® |0) = (15)

By using the same method as that used in [11], one finds

Toh Q- Toh
Exi=—"|Q+wln Q-2
2(1)()7[ wo 2

where €2 denotes the cut-off frequency of the vacuum modes, a parameter that is needed to
make the nonrelativistic Hamiltonian H valid in the present discussion [16]. Note that £, is
identical to the corrected excited-state energy level of an isolated atom in vacuum and illustrates
through its imaginary part the radiative instability of the atom’s excited state [11]; this fact is
expected, since, at this stage, atom B, although present, has no effect on atom A’s transitions.
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Thus, physically, under the influence of operator wy, atom A is induced to decay spontaneously
out of its excited state. In the preceding expression, I'y is the familiar spontaneous emission
rate of an isolated excited atom in vacuum and reads I'g = 4|iige |2a)8 / (Bhcd).

Since the counter-rotating terms are ignored in the interaction Hamiltonians V4 and Vg,
atom B, now in its ground state, can never jump into the excited state without first absorbing
the photon emitted by atom A. Evidently, only the second term on the RHS of equation (15),
which represents a photon is spontaneously emitted, allows the second operator wyVgwg on
the RHS of equation (10) to achieve such a transition. Specific calculation yields

Exp
woVpwolE) ® |G) ® [0) = @B —Eo_ EA)| ) ®IE)®10), (16)

where E p = ZX As B , and B} is the complex conjugate of By = jigr - ,B it

While in the ex01ted state, atom B has a chance to emit one photon and to return to the
ground state; this process is realized with the help of the third operator wyVzwoVpwp on the
RHS of equation (10). But once atom B returns to the ground state, atom A, now in the ground
state too, can have three different options: atom A can either ignore the photon emitted by
atom B (see the first term on the RHS of equation (17)), repeatedly absorb and emit the photon
and remain in the ground state (see the second term), or absorb the photon to go to the excited
state and stay there (see the third term). Mathematically, these options are made possible by
those components of the left wy in the operator woVgwo Vpwy that are respectively composed
of 1/(z — Hy), even numbers of V4, and odd numbers of V4. Thus, the operator wo Vs woVswy
leaves the system in three possible states:

EAB ZBS|G>®|G>®I1S>
(z = Eo)(z— Eo— Ey) z— Ej

|Eapl? ZA|G ®|G) ® |1;)
(z— Eo)(z — Eg — E»)?

|Eagl?
(z— Eo)(z— Eog— Ep)?

In general, it turns out that for a term that contains an even number of Vg operators in the
serial expression of the Green function in equation (10), the allowed processes for atom B are
repeated absorption and emission of the photons created by atom A, followed by a settlement
of the atom in its ground state; for a term that contains an odd number of Vg operators, on
the other hand, atom B can first execute the above-mentioned absorptions and emissions and
then transit to the excited state. Between and after atom B’s transitions, atom A can execute
either pure photon absorptions and emissions or these actions plus transitions to the excited
state. After all the terms on the RHS of equation (10) are accounted for, it follows that the
system is only able to reside in three final states: |G) ® |G) ® |15), |E) ® |G) ® |0) and
|G) ® |E) ® |0). This conclusion can be understood by noting that the present Hamiltonian,
which is under the rotating-wave approximation, requires a photon to be created only when
one atom transits from the excited state to the ground state and vice versa. These final states
are also a representation that entanglement is formed among the atoms and fields [12]; note the
initial state considered now is |{) = |E) ® |G) & |0), a separable state. The physical origin
of such entanglement is that any of these atoms, if in the ground state, can have a chance to
absorb the photons emitted by the other atom to go to the excited state, and becomes entangled
with the other atom as a result. Since the first of the three final states is not needed in the
calculation of the probabilities for the system to be in |y) and |¢,), the following expansion

woVewoVpwolE) ® |G) ® |0) =

Y

|E) ® |G) ® |0). 17)
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is expressed formally in terms of the rest two states alone:

1 L !
E)®IG)®0) = *
Z—H| ) ®1G) ® |0) Z(Z—EO—EA_|EAB| Z—E()—EA+|EAB|)

X |E) ®|G) ®0)

N Eap < 1 1 )
201Eapl \2—Eo— Es —|Eagl 27— Eo— Ex+|Eas|

x|G) ® |E) ®|0), (18)
where Ep = ), f—g = E 4 has been used.
After using the same method as that used in [11] and replacing z with Eg + E 4, one finds
that
Q@ r [y/2 3n 3h
EABZ/ dx(a—x+i—0> o/ 5 { ¢ sinxR/¢) — —————
0 2 ) (a —x)2+FO/4 2w woR 4 wolfigE|
|iec]? sin(Rx /c) sin(xR/c) 2cos(xR/c)
X | e+ Qe — ) + S
xXR/c (xR/c) (xR/c)
2sin(xR
_ sin(xR/c) ’ (19)
(xR/c)?
where a = wp— 2(5571 (Q+a)o In Q;:’O), and p, and u, are respectively the x- and z-components

of fige. Since I'y/wy ~ 10~¢ and In($2 /o) ~ 10, it is valid to introduce an approximation
[13],

o/2
(x —x0)? + (o/2)?
to carry out the integral in equation (19),
_.To3na | sin(Ra/c) |ty |? 2\pz|? — |e|? (Ra/c) cos(Ra/c) — sin(Ra/c)
S [ (Rajo) Il ligel? (Ra/e)? }

~7éd(x — Xp),

40)0
(20)

The preceding approximation shows that of all the frequencies involved in equation (19), only
the frequency a determined by the atoms’ modified excited state and the ground state gives a
dominant contribution to the integral. From the expression in equation (16), itis clear that E 4
can be interpreted as a parameter that measures the efficiency with which one atom absorbs
photons emitted by the other atom, and, therefore, represents the strength of the interaction
between the two atoms through radiation’. Note that as the denominators in equation (18)
show, in addition to the radiation reactions, the energy level of the excited state is also changed
by such atom—atom interaction. The expression in equation (20) indicates that unless the
separation R between the atoms is infinite, the atom—atom interaction energy E 4 p usually
cannot be ignored. It is worth while to mention that the coupling between the two atoms
is established through real photon exchanges as a result of the rotating-wave approximation
made in H.

The method used to formulate the development of the initial state |E) ® |G) ® |0) can
also be applied to study that of another state |G) ® |E) ® |0), which corresponds to a different
initial condition that atom A is in its ground state, atom B in the excited state, and no photons

2 The atom—atom interaction considered here is evidently different from the well-known London interaction, which
exists between two neutral atoms, as a result of the transient atomic polarization.
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present. The only modification needed is that the Green function should be expanded now
into a series in ascending powers of V4:

1
z— H

1 ! \% B !
wy=(1-
: z—Hy © z— Hy

1 1 1 1 1 1
+ Vg + Vg Vg + ...
Z—H() Z—H() Z—H() Z—H() Z—H() Z—H(]

=w;+w Vaw; + wiVaw Vawq +-- -, (21)

where

(22)
Following the same procedure as that used to derive the expression in equation (18), one gets
;|G>®IE>®IO)=1< 1 . : )
:—H 2\z—Eo— Es—|Expl z— Eo— Ea+|Eg|

x1G) ® [E) ®|0)

Eip ( 1 1 )
2|Epapl \z2— Eo— E5x — |Expl z— Eo— Eas+|E4s|
x|E) ®|G) ® |0), (23)

where, as in equation (18), the components along |G) ® |G) & |1,) have been ignored for the
same reason. But, were the components ignored in equations (18) and (23) written explicitly,
the relations in these equations, aided with those in equations (6) and (7), would have shown
that the system actually evolves from its initially entangled states |i¢;) and |y) to other
entangled states. Consequently, any measure of the entanglement derived from the density
operator of the system can only give information about how the system’s entanglement changes
with time [5—7], not necessarily about how the system decoheres out of its initially entangled
states. The present approach, which builds on finding the probabilities with which the system
remains in its initially entangled states, can better address the latter decoherence process.

When the expressions in equations (18) and (23) are summed, substituted into
equation (5), and projected on [i/;), the probability amplitude that the system remains in
the initial state [1/) is obtained; see equation (6). To find the corresponding probability Py,
one simply takes the modulus square of the probability amplitude. Similarly, the probability
P, for the system to stay in state |1,) can also be found with the help of the relations in
equations (18) and (23). It turns out that

—tIy

2

The relation in equation (24) shows (through its exponential component) that spontaneous
emission of each atom, which is a local decoherence process, is responsible for the non-local
decoherence of the system [5]. But, the same relation also shows that, due to the atom—atom
interaction energy E4p, the non-local decoherence process of the system does not follow a
purely exponential law (see the cosine function in the same equation). To understand the
nonexponential behaviour of P; and P, it is necessary to note two points. First, as the
discussion presented in this section already reveals, see equations (15) and (17) for example,
atom B in the ground state can eliminate the photon created by atom A to transit to the
excited state, and, when atom B later returns to the ground state, it can, via the photon it
emits itself, force atom A to transit back to the excited state with a nonzero probability. Thus,

P=pP=

[1+cos(2t|Eagl/h)]. Q4)
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spontaneous emission of one excited atom is actually influenced by the presence of the other
atom and can no longer be a local process any more [10]. Second, a close examination of the
expressions in equations (18) and (23) additionally exhibits that the atom—atom interaction
splits the excited energy level of each atom (already modified by the radiation reactions) into
two sublevels E4 + |E4p| and E4 — |E 4p| and effectively changes the two two-level atoms
into two multi-level atoms. The cosine function in equation (24) is produced as a result of
quantum interference between the atomic transitions from these shifted excited states to the
ground state; it is this quantum interference that deprives the system of its coherence at a
period of 2N + 1)mh/(2|E agl), where N is any nonnegative integer. Quantum interference
in a multi-level atomic system can bring about other different effects, one of which is the
modification of spontaneous emission spectrum [17].

Equations (18) and (23) also show that the entangled states |y) and |y»,) remain pure
states even suffering the atom—field interaction. This is because, although the vacuum fields
have many modes, only a small fraction of these modes in a narrow range of the resonance
frequency a are efficiently coupled to the atoms.

3. Decoherence of |13) and |1)4)

For the Hamiltonian H considered in the present work (the counter-rotating terms excluded),
the system, if initially in the state |G) ® |G) ® |0), will remain in that state permanently,

1 1
Z_—H=|G)®|G)®|0)=m|G>®|G)®|O), (25)

and the time evolution of the entangled states |v¥3) and [v4) given respectively in
equations (8) and (9) is only determined by that of the component |E) ® |E) ® |0). But,
unlike the cases discussed in the last section, where excitation of one atom from the ground
state to the excited state relies entirely on the other atom’s release of one photon in the
opposite transition, the atoms in state |E) ® |E) ® |0) are now all initially in the excited
state and, thus, can perform independent transitions. The atoms can, of course, interact
with each other. For example, they can first transit from the excited state to the ground
state and then absorb the photons emitted by the other to return to the excited state. But,
since such a process is proportional to A;B; A} Bf—three orders smaller than the leading
terms in the above discussion (see, for example, equation (13)), it can be practically ignored
for its negligible magnitude. The ignorance of the atom—atom interaction (still through
the vacuum) in this section is also supported by the restriction imposed on the system in
section 1: Rwg/c > 1, which significantly suppresses the communications between the
atoms. To make the following mathematical analysis as simple as possible, an independent-
transition approximation is assumed.

After the Green function is expanded as in equation (10) and a procedure similar to that
used in section 2 is followed, one finds

|E) ® |E) ® |0)

7z —2hwg — E/, — E},’
where other terms, although illustrating that the system can evolve into different entangled
states, are omitted for their irrelevance in the determination of the probabilities P; and
P, that the system remain, respectively, in |/3) and |¢4). Still in equation (26), E, =

(26)

1
Z——H|E> ®|E)®10) =

> #ﬁrhw = E’; and can be evaluated by following the same method used to calculate
E 4, provided z is now replaced by 2iiwg. It turns out E', = E; = Ej4; this result confirms

that the two atoms exercise spontaneous emission independently and is evidently consistent
with the independent-transition assumption.
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From the definition of |y3) in equation (8), it is a straightforward matter to find that the
expectation value of the Green function 1/(z — H) in this state is obtained when the relations
in equations (25) and (26) are first summed and then projected on the state. The expectation
value of the Green function in |¥4) can also be found, following a similar procedure. Specific
calculation shows

1 ! ! :
1 . , 27
Wil Waw) =3 <Z—2hwc 2= 2hop — E) _E3> -

The preceding expression is substituted in equation (5) to yield, with the help of an application
of the residue theorem, the probability amplitudes for the system to be in states |i3) and |14)
at time ¢, which, after the modulus square is taken, reduce to

Py = Py = 1[1+2e "™ cos(2bt) +e 1], (28)

where b = 2wy + 2Re(E4)/h. Like the expression in equation (24), the relation in
equation (28) states that the decoherence of the system from [yr3) and [¢4) is caused by
spontaneous emission of the atoms and follows a nonexponential law too (see the cosine term
in the latter equation); but here the explanation to this nonexponential behaviour is different:
the cosine term comes from the interference between the probability amplitudes for the system
tostayin |G)®|G)®]0) and |E) ® | E) ®|0). Note the approximation of independent transition
in this section exempts the atoms’ excited state from any further modification other than that
already caused by the radiation reactions.

If the system is initially in states |yr3) and |y4), the probability of finding the system in
state |G) ® |G) ® |0) never changes with time; see equation (25). Thus, unlike P; and P,, the
probabilities P; and Py settle into a nonzero value 1/4 as t — oo. Besides, since |b| > Iy,
and since 2|E p|/h < Ty due to the restriction Rwg/c > 1, the probabilities P; and P
oscillate with time more rapidly than P; and P, do and have an effectively larger decay rate.
In [15], an experimental observation also indicates that |vyr3) and |y4) decohere more easily
than |v) and |y). The reason that |v) and |¥,) decohere at a relatively mild rate can be
understood like this: the atom—atom interaction (through the vacuum fields) required by the
system to evolve when it starts from |y;) and |y,) tends to bring the system back to these
states after the system spontaneously decays out of them and, thus, makes it relatively difficult
for the system to leave these states. In fact, it has been shown that, under certain conditions,
such as that the atoms are directly coupled to each other through the dipole—dipole interaction,
|¥1) and |y,) can even become robust states whose entanglement remain unchanged [6].

Although, in the discussion presented in this and preceding sections, decoherence is found
to be driven by spontaneous emission of the atoms, it is interesting to note that spontaneous
emission can also induce entanglement; see [12] and the discussion in section 2. Thus,
entanglement and decoherence are in fact two competing processes.

4. Conclusion

In this paper, the decoherence of two atoms initially entangled in the four Bell states is
discussed in the Schrodinger picture. After the Green function is decomposed into a series
of atomic and field operators, every order of the atomic transitions that eventually lead to
the evolution of the system is considered. The states the system evolves into from the initial
states are then found, from which the probabilities the system remains in its initial states are
obtained. These probabilities show that the decoherence of the atoms does not follow an
exponential law, even though the decoherence itself is revealed to be caused by spontaneous
emission. The reason is in calculating the probabilities quantum interference also takes effect.
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